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The a• problem of heat conduction is examined for a hol- 
low cykinder of finite iength with mixed boundary conditiom; a solu- 
tion is given for the corresponding quasi-static problem of thermo- 
elasticity. 

We will  cons ider  the p rob lem of the t e m pe ra tu r e  
field t ( r ,  z , r )  of a hollow cyl inder  of length Z with vol -  
ume-d i s t r i bu t ed  heat  sources  of intensity q(r, z, r) .  
Through the internal  cavi ty of the ey l inder f lows  af lu id  
whose t e m p e r a t u r e  ~0(z, r) is a given function.  Convec-  
tive heat  t r a n s f e r  takes place at the inner  su r face  of 
the cy l inder  r = R1; the outer  su r face  r = R2 is t h e r -  
mal ly  insulated, and the t e m p e r a t u r e  of the ends z = 0 
and z = l is equal to the fluid t empe ra tu r e .  The ini-  
t ial  t e m p e r a t u r e  of the cy l inder  f ( r ,  z) is a function of 
the coord ina tes ,  

Using the subst i tut ion proposed  in [1], 

t = ~ - - 0 ,  (1) 

we t ransform,  the heat conduction equation and the 
boundary and initial conditions to the fo rm 

0-7=1 ~ ~ -fir + ~ - : j +  

+ O._~ _ O2cp ~ , (2 )  

0 "r Oz 2 c y 

o_~u = 0, o v _ h~ 0 = 0, (3) 
Or O r  r~R2 f~R1 

n= l  m=l  R~B,,I 
where  

0(r,  0, z )=0 ,  O(r, l, x ) =  0, (4) 

O(r, z, O)----~(z, O)- - f ( r ,  z). (5) 

Double applicat ion of the Gr inberg  method [2] gives 
the following solut ion of Eq. (2) with conditions (3)-(5): 
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( ' )  Vo ~ - ~  = 

r r 

Here,  Vo ~ . .  r a re  the fundamental  functions of the 

p rob lem 

__( dVo) d ar -- ~ rVo = O, 
dr dr 

Vo I,=,~. = o, 

V'o - -  h lVo  ]r=Rt = O; 

/ha a re  the roots  of the t ranscenden ta l  equation 

Vo ( ] i . )  = ]i,, 
V1 (~n) Bi 

(9) 

C I) V1 ]in = 

-- Y1 (l~n k) J1 ]in - -  J, (]in k) Y ]in , (10)  

4 V0 2 (]in)(]i~ + BiS) �9 B .  ---- --y - -  

F r o m  (i) we obtain 

t = cp - ,= l  m~' ~ O.m sin 1 ~ - 1  

(ii) 

(12) 
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In so lv ing  the q u a s i - s t a t i c  p r o b l e m  of t h e r m o e l a s -  
t i c i ty  by the Goodie r  me thod  [3] the s t r e s s e s  a r e  r e -  
ga rded  as the s u m s  of f ic t i t ious  s t r e s s e s  of t w o t y p e s :  

~ = ~  + G ,  . . = ~ , ~ + G .  (13) 

The s t r e s s e s  of the f i r s t  type have the f o r m  

Or2 

~ e ~ = 2 G ( @  c)(I) -Ar 
Or 

o~z=2G ( 0 2 0  --A(1)) ...... 
Oz ~ 

02 qb 
, a-,~ ----- 2(3 ~ , (14)  

OrOz 

w h e r e  r is the  p a r t i c u l a r  so lu t ion  of the equa t ion  

A~ 1 -t-v = ~  at.  (15) 
1 - - v  

The s t r e s s e s  of the second  type  a r e  e x p r e s s e d  in 
t e r m s  of the Love  b i h a r m o n i e  funct ion 
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a~" = l - -  2 v  Oz Oz ~ , 
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The p a r t i c u l a r  so lu t ion  of (15) f o r  t e m p e r a t u r e  d i s -  
t r i bu t ion  (12) is 
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Subs t i tu t ing  (17) and (14), we obta in  
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We take  the Love  func t ion  in the  f o r m  

= ( m n r  

m ~ l  

Subst i tu t ing (2{)) in (16), we ob ta in  the fo l lowing  s y s -  
tern of s t r e s s e s :  
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Satisfying the conditions 

we obtain a s y s t e m  of equations for  am,  bin, Cm, and 
d m :  
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It is easy  to see that the conditions 

a-~z+~z~=0 at z = O a n d z = l  

a re  sat isf ied.  
Thus, s t r e s s e s  (13) sa t i s fy  zero  boundary condi-  

tions at the su r face  of the cyl inder ,  except fo r  Crrz, 
which genera l ly  speaking is nonzero  at the ends. How- 
ever ,  the Crrz fo rm an equi l ibr ium s t r e s s  s y s t e m  and, 
consequently,  at a ce r t a in  dis tance f rom the ends (13) 
is the solution of the problem posed. 

NOTA TION 

t(r, z, ~-) is the t e m p e r a t u r e  of the cyl inder ,  a func-  
tion of the coord ina tes  and t ime;  ~(z, 7) is the fluid 
t empe ra tu r e ,  a given function; R 1 and R 2 a r e  the in-  
side and outside radi i  of cy l inder :  k = RffRI ;  l is  the 
length of the cyl inder ;  a is the t he rma l  diffusivity;  e 
is the specif ic  heat  of the ma te r i a l ;  2/is the speci f ic  
weight;  X is the t he rma l  conductivity of ma te r i a l ;  a t 
is the heat t r a n s f e r  coeff icient  at  the inner  su r face  of 
the cy l inder ;  h i -- ~i/X; B i = oqR~/)~ is the Blot num-  
b e r ;  Pn is the roo t  of the t ranscendenta l  equation; 
is the t he rmoe la s t i c  potential ;  L is the Love function;  
a is the coefficient  of l inear  expansion;  G is the shea r  
modulus;  v is P o i s s o n ' s  ra t io .  
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